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1. INTRODUCTION 
Let S be a semitopological semigroup, i.e., S is a semigroup with 
Hausdorff topology such that for each a~ S, the mappings s + sa and 
s-+ as from S into S are continuous. Let RUC(S) denote the space of 
bounded right uniformly continuous real-valued functions on S. In [ 141, 
T. Mitchell, generalizing a well-known fixed point theorem of Day [S], 
showed that RUC(S) has a right invariant mean if and only if whenever 
S x C 4 C is an affine jointly continuous anti-action of S on a compact 
convex subset of a separated locally convex space, then C contains a com- 
mon fixed point for S. Furthermore, an argument similar to that for the 
proof of Theorem 1 in [14] shows that if S has the following fixed point 
property for dual Banach space, then RUC(S) has a right invariant mean: 
Whenever Y = {T,; s E S} is an antirepresentation of S 
as nonexpansive mappings on a weak*-compact convex 
subset of a dual Banach space such that the map 
S x C + S: (s, X) + (T,(x)) is jointly continuous when C 
has the weak*-topology, then C contains a common fixed 
point for Y. (*) 
* This research is supported by an NSERC grant. 
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However, the converse is not known even when S is commutative (see 
Cll). 
In this paper we prove (Theorem l), among other things, that if RUC(S) 
has a left invariant mean, 9’ = { T,; s E S} is a continuous representation of 
S as nonexpansive mappings on a closed convex subset C of a uniformly 
convex and uniformly smooth Banach space and C contains an element of 
bounded orbit, then C contains a common fixed point for 9’. This result 
is then used to obtain a generalization of Webb’s result [20] on the closed- 
ness property for a family of m-accretive operators (Theorem 2). 
Theorem 1 was proved by Lau in [ 1 l] and by Takahashi in [ 181 for the 
case when E is a Hilbert space. However, their proofs, dependent heavily 
on the self-duality of a Hilbert space, do not carry over to our case. 
2. PRELIMINARIES 
Let S be a set and m(S) be the Banach space of all bounded real-valued 
functions on S with the supremum norm. Let X be a subspace of m(S) con- 
taining constants. Then p E X* is called a mean on X if 1/~11= p( 1) = 1. Let 
.D E X* be a mean on X and f E X. Then we denote by p(f) the value of p 
at the function j According to time and circumstances, we write p,(f(t)) 
the value p(f). As is well known, ~EEX* is a mean if and only if 
inff(s)9~(f)dsupf(s). 
ses s t s 
If S is a semigroup, UE S, and f~ m(S), define (Z,f)(t) =f(at) and 
(r,f)(t) =f(ta), t E S. If Z,(X) c X for all a E S, then a mean p on X is left 
invariant if p(l,f) =p(f) for all a~ S and f urn. 
Let E be a Banach space, and let E* be its dual. The value off E E* at 
XE E will be denoted by (x, f). With each XE E, we associate the set 
J(x)= IfeE*; <x,f> =IIx112= llfll”>. 
Using the Hahn-Banach theorem, it is immediately clear that J(x) # @ for 
each x E E. The multi-valued operator: E -+ E* is called the duality map- 
ping on E. As is well known (see [4, p. 130]), if E* is uniformly convex (or 
equivalently, E is uniformly smooth), then J is single-valued, and J is 
uniformly continuous on each bounded subset of E when E has the strong 
topology while E* has the weak* topology. 
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3. SOME LEMMAS 
Let S be an index set, let p be a mean on S, and let E be a real Banach 
space. Then, if (x,: t E S) c E is bounded, we can define the real-valued 
continuous convex function G on E by 
G(Y) = P, lb, - ~11~ 
for each y E E. 
LEMMA 1. Let C be a nonempty closed convex subset of a untformly 
smooth Banach space E, let S be an index set, and let {xt : t E S} be a bounded 
set of E. Let D be a subspace of m(S) such that D contains constants 
andfor any ZE C and UE E, functions h andg defined by h(t)= Ijx,-zlj2 and 
g(t) = (u, J(x, -z)) for all t E S are in D. Let p be a mean on D and z0 E C. 
Then 
P, lb, - z. II 2 = yEip P, lb, - Y II 2 
if and only tfp*(z-zO, J(x,-z,)) GO for all ZEC. 
Proof: We first assume that p, I\x, - x0 11’ = min.,. c P, /Ix, - yjl 2. For z 
in C and ,I: O<ll< 1, we have (following an idea in [16, 191) 
1(x, - 20 II2 = IIX, - AZ, - (1 - A.)z + (1 - A)(2 - zo)ll’ 
311x,-%z,-(l-1)2112 
+2(1 -A)(z-z,, J(x,-AZ,-(1 -2)~)) 
since J(x) is the subdifferential of the convex function (l/2) jlxl12 [4, p. 971. 
Let E > 0 be given. Since E is uniformly smooth, the duality map is 
uniformly continuous on bounded subsets of E from the strong topology of 
E to the weak* topology of E*. Therefore, 
I(z-z,, J(x,-AZ,-(I -A)z)-J(x,-z~))I<E 
if A. is close enough to 1. Consequently, we have 
(z-zo, J(x,-z,)) <E+ (z-z,,J(x,-AZ,-(1 -A)z)) 
a+& {lIx,--ol12- lIx,-kru-4zl12} 
and hence 
~Lr<z--0, J(x,-~0)) 
Therefore, we have P,( z - zo, J(x, - zO)) d 0 for all z E C. 
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To prove the reverse, let z E C. Then since 
I/x,--zl12- Ilx~--cll12~22(zo-z, J(x,-4) 
for all t E S and ~~(z - zO, J(x, - zO)) d 0 for all z E C, we have 
P, II~,-zol12=yEi~ ,4 IIx,-~~. I 
LEMMA 2. Let C be a closed convex subset of a uniformly convex and 
uniformly smooth Banach space E, let S be an index set, and let {x,: t E S} 
be a bounded set of E. Let D be a subspace of m(S) such that D contains 
constants and for any z E C and u E E, functions h and g defined by h(t) = 
11x, - z II ’ and g(t) = (u, J(x, - z) ) for all t E S are in D. Then for a mean ,u 
on D, the set 
M= {zlEC& I/x, -u112=~Iy, IIx,-zI12} 
consists of one point. 
Proof: Let g(z) = ,u~ (Ix, - zl12 for every z E C and r = inf{ g(z): z E C). 
Then, since the function g on C is convex and continuous and g(z) + cc as 
llzl/ + GO, from [2, p. 791, there exists UE C with g(u)=r. Therefore A4 is 
nonempty. From Lemma 1, we know that u E M if and only if 
,u,(z - u, J(x, - u) > < 0 
for all z E C. We show that M consists of one point. Let U, v E M and sup- 
pose u # v. Then by [ 15, Theorem 11, there exists a positive number k such 
that 
(xt-u-(xl-v), J(x,-u)-J(x,-v))>k 
for every t E S. Therefore 
p,(u - u, J(x, - u) - J(x, - v)) > k > 0. 
On the other hand, since U, v EM, we have p,(u - v, J(x,- u)) 2 0 and 
,u,( v - U, J(x, - v)) 10. Then we have 
pr(u-v, J(x<-u)-J(x,-v))zO. 
This is a contradiction. Therefore u = v. 1 
4. SEMIGROUPS OF NONEXPANSIVE MAPPINGS 
Let S be a semitopological semigroup. Let C(S) be the Banach space of 
bounded continuous real-valued functions on S. Let RUC(S) denote the 
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space of bounded right uniformly continuous functions on S, i.e., all 
f~ C(S) such that the mapping s + r,fof S into C(S) is continuous when 
C(S) has sup norm topology. Then RUC(S) is a closed subalgebra of C(S) 
containing constants and invariant under left and right translations (see 
[ 143 for details). 
THEOREM 1. Let S he a semitopological semigroup. Let Y = ( T,Y; s E S} 
he a continuous representation of S as nonexpansive mappings on a closed 
convex subset C of a umformly convex and uniformly smooth Banach space 
E into C. If RUC(S) has a left invariant mean, and C contains an element 
x with bounded orbit, then there exists u E C such that T,u = u for all s E S. 
Proof: We first prove that for any z E C and y E E, functions h and g 
defined by h(t)= IIT,x-zl12 and g(t)= (y,J(T,x-z)) for all teS are in 
RUC(S). Let h(t)= llT,x-zl12. Then putting M=2sup,., IIT,x-~11, we 
have, for s, u E S, 
Ilr,h -r,hll = ;;y I(r,h)(t) - (r,h)(t)l 
= sup Ih(ts) - h(tu)l 
rts 
=SUP I IITt,x--112- lIT,,x-~l12 I 
1 E s 
=sup ItlITrsx-~11 - II~~u~-~ll~~II~,s~-~ll + IIT,,x-zll)l 
f E s 
6M.sup IIT,sx- T,,xll 
fE s 
d M. II TX - Tuxll. 
Hence we have h E RUC(S). Let g(t) = (y, J( T,x- z)). Then we have 
IIr.y g- ru gll = sup IAts) - g(tu)l 
(ES 
Since J is uniformly continuous on bounded sets when E has its strong 
topology while E* has its weak* topology and 
II Trsx - z - (T,,x - z)ll = II Trsx - Tru~ll G II Tsx - Tuxllt 
we have g E RUC(S). 
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Let p be a left invariant mean on RUC(S). Then, the set 
is invariant under every T,y, s E S. In fact, if u E M, then for each s E S we 
have 
Pr IITP- m412=~* II%- T,ul12 
=c11 IIT,T,x- TA12dp, IIT,x-ul12 
and hence T,u E M. On the other hand, by Lemma 2, we know that M 
consists of one point. Therefore this point is a common fixed point of T,, 
SES. 1 
Remark 1. Theorem 1 remains true when S is left reversible; i.e., any 
two closed right ideals of S have non-void intersection (see [ 12, 
Theorem 51). Note that left reversibility of S does not imply the existence 
of a left invariant mean on RUC(S) (e.g., take S to be the free group on 
two generators or SL(2, IF?)). On the other hand, S need not be left 
reversible even when C(S) has a left invariant mean unless S is normal 
(see PI). 
Remark 2. It has been proved recently by Hsu [9] that if S is discreted 
and left reversible and Y = {T,; SE S} is as weakly continuous non- 
expansive mappings on a weakly compact convex subset C.of a Banach 
space, then C has a common fixed point for Y. Note that it follows from 
Alspach’s example [I] that there exists a representative of a commutative 
semigroup S=(N, +), lV={1,2 ,... >, as nonexpansive mappings on a 
weakly compact convex subset C of L, [0, 1 ] with no common fixed point. 
Remark 3. It follows from the proof of Theorem 3.4 of [ 1 l] that 
if E is a Hilbert space, then the common fixed point in Theorem 1 can 
be chosen to be in the closed convex hull of the orbit of x. Recently 
W. Bartoszek [3] (see also [ 11, Theorem 3.31 for the case of Hilbert 
space) has shown that if M’(S), the space of almost periodic functions on 
S, has a left invariant mean, {T,, s E S} is a continuous representation of 
S as nonexpansive mappings on a closed convex subset C of a strictly 
convex Banach space X, and x E C such that O(x) = { T,x; s E S> is relatively 
compact, then the closed convex hull of O(x) contains a common fixed 
point of {r,; s E S}. However, as shown by R. Sine [ 171, this is no longer 
the case for arbitrary Banach spaces, even when E is finite dimensional and 
S is commutative. 
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Note that since RUC(S)?AP(S), the following known relations hold: 
S is left amenable as discrete 
G 2 
RUC(S) has LZA4 g S is left reversible 
3 “I9 
AP(S) has LIA4 
(LIM means left invariant mean and left amenable as discrete means that 
m(S) has a LZM). 
5. CLOSEDNESS PROPERTY FOR A FAMILY OF ACCRETIVE OPERATORS 
Let E be a uniformly smooth Banach space with duality mapping 
J: E + E*. A map T with domain D(T) is said to be accretive (or 
J-monotone) if, for any x, y ED(T), and all 2 > 0, 
Equivalently, T is accretive if and only if 
(TX-Ty,J(x-y))aO 
for all x, YE D(T) (see [13, p. 2451). The range of 3J+ T, R(IZ+ T), is 
known to be all of E either for all 2 > 0, or no 1, > 0 (see [6]); in the first 
case, T is called m-accretive. In this case, the resolvent JT = (I+ IT) --I is 
a nonexpansive mapping defined on E for each positive i. 
Let Y be a family of m-accretive operators with common domain D G E. 
Let S(9) be the semigroup of nonexpansive mappings on E generated by 
{Jr; TEF}. Equip S(9) with the strong operator topology. Then S(S) 
is a topological semigroup; i.e., the multiplication on S(P) is jointly 
continuous. 
The following generalizes a result of Webb [20, Theorem 1 ] (see also the 
concluding remark of [20] for proof of the nonseparable case): 
THEOREM 2. Let E be a uniformly convex and uniformly smooth Banach 
space. Let 9 be a family of m-accretive mappings with common domain D 
in E. Suppose that RUC(S) has a left invariant mean or S is left reversible, 
S = S(F), and there exists sequence {x,,> in D such that T(x,) + 0 for each 
TE 9”. Then there exists v E D such that T(v) = 0 for all TE 9. 
Proof: For each positive integer n, let 6, E m( f+l)* denote the point 
evaluation at n. Let p be a weak*-cluster point of the sequence 
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(6,; n = 1, 2, . ..}. Th en, as is readily checked, p(f) = 0 for each f E m( N + ) 
such that lim n-t x: f(n) = 0. Define a function g: E -+ [w by g(z) = 
P, I/x,-z/l for each ZE E and r =inf{ g(z): ZE E}, where ,u, 11x,--zII 
denotes the value of p at the bounded sequence { IIx, -z/I }. Then, since the 
function g on E is continuous and convex and g(z) + cc as lIzI + co, it 
follows from [2, p. 791, there exists UE E with g(u) = r. So, putting M= 
{uEE: g(u)=r}, A4 is nonempty, bounded, closed, and convex. Let u E M, 
TEF-, and J=J:= (I+ T)-‘. Then 
Al lb, - Jull = Pn lb, - Jx, + Jx, - J4l 
6 Pn lb, - Jx, II + Pn lb, - ull 
G PL, II TX, II + P,I lb, - 4 
=Al II%--II 
since TX, + 0 by assumption. Therefore, A4 is invariant under J T for each 
TE 9. In particular, A4 is invariant under the semigroup S generated by 
{Jr; TEF}. If RUC(S) has a left invariant mean, then by Theorem 1, 
there exists u E A4 with J:(u) = u for all TE 8, i.e., T(u) = 0 for all TE 9. 
If S is left reversible, then the conclusion follows from Theorem 5 in 
c121. I 
COROLLARY 1 (Webb [20]). Let E be a uniformly convex and uniformly 
smooth Banach space. Let T be an m-accretive mapping defined on D G E. If 
there exists a sequence x, in D such that T(x,) + f, then there exists u E D 
such that T(v)=f: 
Proof: Let T,(x) = TX-~: Then T,, is also m-accretive. By Theorem 2, 
there exists u in D( T,) = D(T) such that T,,(u) = 0, i.e., Tu =J: i 
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